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INTRODUCTION 
The steady motion of a rigid body in a fluid has been studied in 
great detail, and the results of both theoretical and experimental 
investigations are generally well known. The unsteady motion of a 
rigid body in a fluid has been subjected to few studies. The conflicting 
or inconclusive information in the available literature makes it diffi­
cult to analyse problems of unsteady motion. 
The objectives of this study were (1) to examine the theoretical 
equations governing the behavior of a rigid body oscillating with 
rectilinear oscillations relative to a bounded viscous fluid which may 
also have rectilinear motion independent of the rigid body, (2) to de­
velop a suitable experimental technique for investigating problems of 
this type, and (3) to determine if a suitable parameter or set of 
parameters exist which can serve as a guide or guides for predicting 
whether viscous effects are significant. Both motion of the fluid and 
of the rigid body are unsteady in this type of problem. 
A. The Phenomenon 
As a simple example to illustrate the major difference between 
steady and unsteady motion of a rigid body, consider a body of unit mass 
to be in equilibrium and at rest in the absence of a fluid. Apply a unit 
force to the body. The result, according to Newton's second law, is a 
unit acceleration. Now, place the same body in a fluid where it is in 
equilibrium and at rest. By applying a unit force, the resulting 
acceleration has been observed to be less than unity. The only difference 
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is the presence of the fluid. "Fluid drag", as it is usually defined, 
is dependent on the velocity and the presence of viscosity. When the 
body starts from rest, the velocity and hence, the "fluid drag" are 
zero. Therefore, the drag is not the property of the fluid that causes 
this discrepency. 
When the body moves through the field, the fluid must move out and 
in to let the body pass. The faster the body moves the more rapidly 
the fluid must move out and in. This implies that the fluid velocity 
at any fixed distance from the body is proportional to the velocity of 
the body and that the kinetic energy of the fluid is changed by the 
forces of the body on the fluid. 
It can be shown that the kinetic energy, T, of the fluid at any 
instant is related to the mass of fluid displaced by the body and to 
the velocity of the body. If the velocity of the fluid is known at 
every point, this relationship is given by 
where v is the velocity of the fluid at the point, dV is the differential 
volume, k is the added mass coefficient which depends on the geometry of 
the body and several fluid properties, M is the mass of fluid dispaced by 
the body, and U is the velocity of the body. Let F be the external force 
applied to the body in its direction of motion. The rate at which the 
external work is done on the system by the force F must equal the time 
rate of change of the kinetic energy for a conservative (ideal fluid) 
2 y 
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system, so that 
or 
FU = = (m + kM) U ^ 
F = (m + kM) 
where m is the mass of the body. From the last expression, it is seen 
that the mass of the body is increased by the term kM which is called 
the added mass. This term affects the motion of the body but does not 
alter its weight. 
In steady flow the term kM is not present. Thus, by considering 
an ideal case where "fluid drag" is not present, it is seen that the 
acceleration of the unit mass should be less than unity due to the change 
in the velocity of the fluid necessary to let the body pass more rapidly. 
An interesting insight into what occurs in this phenomena is given 
by Darwin (7) who considered the path followed by a given particle of an 
ideal fluid when a body passes a given point in space near this particle. 
He shows that the particle will take on a net displacement in the 
direction of motion of the body when the body passes the given point in 
space. The mass of fluid which is displaced in the direction of motion 
of the body is exactly equal to the mass of fluid contained in a volume 
equal to that of the body when the body passes this point in space. 
Imlay (13) clarifies this by saying, "Although ... the added mass ... "is" 
proportional to the mass ... of this specific volume of fluid, the mistake 
must not be made of assuming that the added mass effects involve only a 
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limited volume of fluid, or that some limited volume of fluid moves 
with the body - the so-called 'entrained fluid' erroneously described 
by some authors. All the particles of fluid move, although the motion 
of the fluid is more pronounced in the neighborhood of the body. Darwin 
has endeavored to describe the nature of this motion." It should be 
noted that Imlay's statement is for an ideal fluid. In a real fluid, a 
small amount of fluid is dragged with the body due to the presence of 
viscosity which is not accounted for in Darwin's solution. This small 
quantity adds to the values predicted from the analysis of a conservative 
system. 
Three useful methods are generally available for solving fluid 
mechanics problems. These are: 
1. Potential flow theory in which the fluid is considered to be 
ideal; that is, no shearing stresses may be created in the 
fluid and the fluid moves irrotationally. This is the simplest 
analytical method. 
2. Real fluid flow theory in which shearing stresses do exist in 
the fluid. Solutions based on this theory are generally 
difficulty to obtain since the equations governing the fluid 
motion contain non-linear terms. If the non-linear terms do 
not drop out due to the boundary conditions and continuity re­
lationships, a solution can sometimes be obtained by simply 
neglecting these terms. This type of solution is commonly 
called the viscous or slow flow solution since the viscous 
forces are considered to be predominant. 
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3. A solution based on an experimental program. 
When these three methods are combined, the first method gives a 
solution of the fluid behavior when the viscous forces are not im­
portant. The second (viscous flow) method gives a solution when the 
viscous forces are predominant. The third method provides a means to 
supplement the first two, indicate their range of validity, and provides 
a solution between these two extremes. These three methods are employed 
to accomplish the objectives of this study. 
The geometry of the system enters into each of the methods. Hence, 
a given geometry had to be selected which would show the effects of 
viscosity as we'll as permit a theoretical solution. Two simple geometries 
were available; i.e., two concentric spheres and two concentric cylinders. 
Stokes (29, 30) and (31, 32) has solved the concentric cylinder 
problem for an infinite fluid medium and the concentric sphere problem 
by using both (the potential and the viscous flow) methods. The con­
centric cylinder solution is developed for infinitely long cylinders. This 
introduces additional complications for experimental work. Thus, the con­
centric spheres were selected as most useful in trying to accomplish the 
objectives. 
The terminology used in the literature is confusing. Imlay (13) 
described the situation accurately when he- stated, "What the added mass 
phenomenon is, and what terms should be used to represent it in equations 
of motion do not appear to be understood clearly by many persons. Clarity 
has not been enhanced, furthermore, by the variety of names, such as 
'virtual mass', 'ascension to mass', 'apparent mass1, and 'hydrodynamic 
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mass1 applied to the phenomenon." Induced mass and equivalent mass can 
be added to Imlay's list. In order to clarify the meaning of these 
names, the following definitions are usually used. Added mass, apparent 
mass, induced mass and hydrodynamic mass are usually defined as the mass 
which affects the motion of the body without increasing its weight. 
Virtual mass and equivalent mass are usually defined as the sum of the 
mass of the body and the added mass. Added mass or hydrodynamic mass 
and virtual mass are predominate terms used in contemporary litera­
ture. The preceding definitions are used throughout the thesis. 
B. Survey of Literature 
This survey of literature is limited to material concerned with 
spheres. A complete historical sketch and bibliography on added mass 
for other shapes as well as spheres is given by Stelson (27). 
The first observation of the phenomenon of added mass is credited 
to DuBaut (8) between 1779 and 1786. His observations on spherical 
pendulum bobs in water were completely overlooked until 1826 when 
Bessel (4) rediscovered the added mass effect with similar experiments 
on pendulum bobs in air. Bessel's experiments caused considerable ex­
citement in England since the Royal Navy out of scientific interest had 
measured the periods of pendulums all over the world. Sabine (25) in 
1829 and Baily (1) in 1832 published their experimental results. The 
values obtained for spherical pendulum bobs in these early experiments 
ranged from 0.45 to 0.67 for DuBaut with an average of 0.585, 0.625 to 
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0.956 for Bessel, 0.655 for Sabine, and 0.834 for Baily. The potential 
solution for an infinite medium gives a value of 0.50. 
McEwen (17) in 1911 attempted to check Stokes1 (31, 32) viscous 
flow solution in an infinite medium. He used water and a very heavy 
oil. The results indicated fairly good agreement with the viscous 
solution. Krishnayer (15) in 1923 conducted experiments similar to 
McEwen1 s in a viscous infinite fluid with three spheres of different 
sizes. His experimental values were consistently one percent high. This 
may be due to the close proximity of the fluid surface and the driving 
magnets of his experimental apparatus. Valensi (35) in 1952 studied the 
oscillations of a sphere in an infinite medium. He concluded Stokes1 
viscous solution was only good for small amplitudes. 
Cook (6) in 1920 studied this problem by dropping spheres into a 
large tank of water. He concluded that the added mass coefficient was 
about 0.46. Stelson (27, 28) in 1952 studied the added mass coefficient 
for many different shapes including spheres. His tests were conducted in 
a large tank of water at frequencies of about 10 to 30 cycles per second. 
The results were in good agreement with the potential flow solutions. 
He attempted to avoid viscous effects and did so successfully. Most of 
his results are within one percent of the theoretical solutions. 
The early experimental work of DuBuat, Bessel, Sabine, and Baily 
indicated a need for a theoretical solution since the data were not in 
agreement. Green (10) made the first successful attempt in 1836 and 
states ".... it is not sufficient merely to allow for the loss of weight 
caused by the fluid medium, but that it will likewise be requisite to 
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conceive the density of the body augmented by a quantity proportional 
to the density of the fluid. The value of the last quantity named, 
has been completely determined..." for a spheroid in an in­
finite ideal fluid, and for the special case of a "..sphere is 
precisely equal to half the density of the surrounding fluid." Stokes 
(29, 30) and (31, 32) solved the problem of concentric spheres from 
the potential flow (in 1843) and the viscous flow (in 1850) standpoint. 
Meyer (19) in 1871 improved on Stokes1 viscous solution by considering 
the effects of large amplitudes. This solution has not been verified 
experimentally. 
Other theoretical work has been done by Hicks (12), Boussinesq (5), 
Basset (2) and (3), Rayleigh (24), Polya (23), Haberman (11), and 
Imlay (13). 
The experimental results reported in the literature have often 
been conflicting or inconclusive. These studies have been too narrow 
since the viscous effects have been either avoided by using low vis­
cosity fluids or studied over the limited range of a single viscous 
fluid. There is a need for a series of systematic experimental studies 
on unsteady rigid body motion in a viscous fluid which covers the en­
tire spectrum from the viscous flow theory through the potential flow 
theory. There is a need to study the viscous effects on the equations 
of motion which will enhance the understanding of the added mass 
phenomenon. This study was conducted to clarify and further this under­
standing for the special case of rectilinear motion in a real fluid. 
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II. THEORETICAL ANALYSIS 
The general character of the problem considered in this investi­
gation (see the first objective in the introduction) may be obtained 
by considering body A of Fig. 1-a which is surrounded by a fluid. The 
fluid is contained inside the envelope B which has an absolute 
acceleration in the X-direction. Body A is attached to the envelope B 
by an elastic spring and has an arbitrary external force F(t) acting on 
it. It is necessary to write the equation of motion of body A if the 
motion of body A is to be predicted. In order to carry out this task, 
let X locate the center of mass of body A, xr locate the equilibrium 
position of A relative to B in the absolute reference system, and x 
be the displacement of A from its equilibrium position relative to B. 
Figure 1-b is a free body diagram of the forces acting on body A. 
G(t) is the sum of the forces due to the fluid (both pressure and shearing 
stresses will contribute) integrated over the surface of body A. By 
taking to the right as positive and applying Newton's second law, the 
governing equation of motion is 
m a -K'x + F(t) + G(t) (1) 
x 
where a^ may be written as 
a 
x 
which indicates that the absolute acceleration of body A may be 
written as two separate terms. The first term is the absolute acceler-
TJ 
V 
X 
position_[ equilibrium | 
ot A relat i ve to B 
G(t) F(t) 
» 
KX 
eg 
body A 
fluid 
envelope B 
Fig. 1-a Generalized body locations Fig. 1-b Free body diagram of body A 
moving system 
•x fixed system 
Fig. 2 Fixed and moving coordinate systems 
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ation of the envelope, and the second term is the relative acceleration 
of body A with respect to the envelope. By substituting this expression 
for a^ into Eq. 1, the equation may be written as 
. 2  2  
m —- + K'x = - m —|° + F(t) + G(t) (1-a) 
dt dt 
The left-hand side of Eq. 1-a is a second-order differential equation 
written in terms of the displacement of body A relative to the envelope 
B while the first two terms on the right-hand side are arbitrary forcing 
functions. Before Eq. 1-a can be solved, it is necessary to determine 
the nature of the function G(t). Three methods (potential flow theory, 
viscous flow theory, and an experimental approach) are used to determine 
G(t) for the special case of concentric spheres. 
The theoretical analysis for two concentric spheres with both the 
inner and outer spheres having rectilinear motion may be approached 
most easily by transforming the basic equations to a moving coordinate 
system. Subsequently, the potential flow solution will be worked out 
in some detail, and the viscous solution developed by Stokes (31, 32) 
will be outlined. 
A. Transformation of Equations to Moving Coordinate System 
1. Fixed and moving coordinate systems 
In Fig. 2, Q is a point of fluid with coordinates of X, Y, Z 
in the fixed coordinate system and coordinates of x, y, z in the moving 
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coordinate system. 0 is the origin of the moving coordinate system 
with coordinates of xq, yQ, zq in the fixed system. The moving 
coordinate system is allowed to translate in an arbitrary manner with 
respect to the fixed system, but it cannot rotate with respect to the 
fixed system. The moving spherical coordinate system r, 9, Ct is also 
shown in Fig. 2 for later reference. 
a. Linear transformation of coordinates, velocities, and accelerations 
The linear transformation between coordinates is 
X = x + x 
o 
Y = yQ + y (2-a) 
Z = z + z 
o 
and by differentiation of Eq. 2-a with respect to time, the linear trans­
formation of velocities is 
U = u + u 
o 
V = vq + v (2-b) 
W = w + w 
o 
The linear transformation of accelerations is obtained by differentiating 
Eq. 2-b with respect to time. This gives 
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b. Linear transformation of partial derivatives The trans­
formation of the partial derivatives may be examined from two view 
points. First, consider two planes which are parallel to the YZ - plane. 
At a given instant of time, let these planes be located by X and X + dX 
in the fixed coordinate system. The change in the absolute velocity 
U, for example, that occurs between the two planes from a point at 
— _ _ _ _ _ _ "X— _ 
(X, Y, Z) to a point at ( X + dX, Y, Z ) is given by —dX. At this 
same instant of time, the change in the relative velocity between these 
^u 
same two points is given by dx since uq is a common velocity of 
both points and xq is a common distance to both points. Then, since 
dX = dx at a given instant of time, must be equal to . 
The second and more rigorous view point is to carefully note the 
definitions of the velocities, the coordinates of which they are functions 
and the characteristics of the displacements at a given instant of time. 
These are: 
Û = ÏÏ(X, Y, Z) = — , 
% " uo(v v z0>= if" • 
/ x dx 
U = u(x, y, z) = , 
and 
X = x + x 
o 
where u is only dependent on the absolute coordinates which locate the 
origin of the moving coordinate system. Hence, uq is independent of X and 
14 
Then, 
dx = 3_u0 + £u dx or 
<9 X 3 X ' dX 5 X 5 X dX 
^ % 3 x 
since dX = dx and 
^ X 
(3) 5 Û 9 u 
X 
3 Up = 0. Similarly, the second partial derivative 
transforms as 
n • a 
With these relations, it is possible to transform the Navier-Stokes 
equations from the absolute to the moving coordinate system. 
2. Transformation of Navier-Stokes equations 
The Navier-Stokes equations are derived on the basis of several 
assumptions. These are: 
1. The fluid is an incompressible continuum. 
2. The shearing stresses are proportional to the rate of shearing 
strain. 
3. The constant of proportionality between shearing stress and 
rate of shearing strain is independent of the pressure. 
These assumptions are satisfied for most common liquids. 
The Navier-Stokes equation governing the fluid motion in the X-
direction of the fixed coordinate system is 
pa = B - + (i 172 U (5) 
x p -
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where p is the density of the fluid, is the body force acting in the 
— p 
positive X-direction, |j, is the absolute viscosity of the fluid, —— is 
- 2 3 x 
the pressure gradient in the X direction, and V is the Laplacian 
operator in the fixed coordinate system. By virtue of Eq. 4, the 
Laplacian operator is seen to transform as 
V2 Û = V 2 u (6) 
from the fixed system to the moving system. By combining Eqs. 2-c, 3, 
4, and 6, the Navier-Stokes equation in the moving coordinate system 
may be written as 
p  i i  =  ( B x ™ p  i i h  >  -  y E  + ^ v 2 u  ( ? )  
where a hypothetical body force of (B^ - p ^°) replaces the original 
body force in the fixed coordinate system. In a similar manner, the 
entire set of Navier-Stokes equations for the moving reference frame is 
easily derived, and these equations are 
p ïïT = (BX " p d?°) " + y2 u (7) 
p "dïï = (By " p dïï0) " af + v (7"a) 
p  i f  =  ( B Z  " p  d ? 0 )  "  +  w  ( 7 _ b )  
From Eqs. 7, 7-a, and 7-b, the solution of a moving coordinate 
system problem is reduced to solving these equations where the body 
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force is changed by an "inertia" body force due to the acceleration of 
the moving coordinate system and the boundary conditions are those of 
the motion relative to the moving coordinate system. The Euler equations 
are the same as Eqs. 7, 7-a, and 7-b when the absolute viscosity (|_i) is 
set equal to zero. 
3. Transformation of the continuity equation 
The continuity equation, as it is used in this problem, is based 
on a single assumption; that is, the fluid is an incompressible con­
tinuum. In the fixed coordinate system, the continuity equation is 
which transforms to 
1 3  +2v +  5w =  o 
à x y z 
in the moving coordinate system by virtue of Eq. 3. 
B. Potential Flow Solution for Concentric Spheres in a Moving 
The first correct solution for this problem (i.e. the same boundary 
conditions) was obtained by Stokes (29, 30). The equations will be 
developed here in order to illustrate this method of determining G(t), 
and to show the manner in which G(t) enters into the differential 
equation of motion. 
In Fig. 3 the inner sphere of radius a is displaced a distance 
Ô relative to the center 0 of the outer spherical boundary of radius b. 
Coordinate System 
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The moving coordinate system is attached to the outer shell or spherical 
envelope with its center at 0. The moving coordinate system has an 
absolute velocity of uq in the x-direction, and the inner sphere has an 
absolute velocity of in the x-direction. Under these conditions, 
the velocities are related by 
V, = u + 6 , 
b o 
and the boundary conditions for the relative velocities are given by 
r = b v = 0 
r 
r = a vr = Ô cos 0 (9) 
where v is the relative radial velocity. 
When the amplitude of motion of the inner sphere, 5, is large the 
second boundary condition given by Eq. 9 is violated in that the true 
boundary is given by 
rather than the constant value of a. This effect is neglected in 
the solution of this problem, and limits the validity of the resulting 
equations to small amplitudes of motion. 
1. Continuity, ,>Laplace, and Euler equations in spherical coordinates 
Figure 4 shows the three orthogonal velocity components in a 
spherical coordinate system (for r,0,0! orientation, see Fig. 2) with 
respect to the x, y, z coordinate system. Since this problem is 
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axisymmetric with respect to the x-axis, v is everywhere zero. Then, 
the spherical coordinate continuity relationship is 
1 2_ (r\) + —L_ 2_ <sin S v0) = 0 (10) 
,2 2 r ? * 2 
from Eskinazi (9). 
The standard procedure for potential flow analysis is to define a 
potential function 0, such that 
c) 0 
v 
r 3 r 
- 7 if <") 
Substitution of Eqs. 11 into Eq. 10 gives 
V * » -  ^  ^  ( r 2  ^  ( s i n  0 §f)- 0 (12) 
which is the Laplace equation in spherical coordinates for any problem 
with axisymmetric fluid motion. 
Pipes (22) demonstrates that a solution of Eq. 12 may be obtained 
by using the separation of variables technique. This method of attack 
gives the solution 
* - 5 Ta. r° + VWJv' <13> 
where and are arbitrary constants to be determined by the boundary 
conditions, P^(t) is the Legendre polynomial of degree n, t = cos 0, and 
outer spherical 
boundary 
Fig. 3 Geometry of concentric spheres 
Fig. 4 Spherical coordinate velocity components 
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the summation (Z) is from zero to infinity on the index n. 
Pipes (22) shows that the Legendre polynomial is an orthogonal 
function which may be used to expand an arbitrary function into an 
infinite series if this function is sectionally continuous in the in­
terval (-1, 1) and the first derivative of the function is continuous 
on every interior interval. 
The radial component of the relative velocity is obtained by 
combining Eqs. 11 and 13. This gives 
v  =  Z f n A  r ( n - 1 )  -  ( n + 1 )  B  r - < n + 2 )  1  P  ( t )  ( 1 4 )  
r n L n x ' n -J nx ' x 
By applying the first boundary condition of Eq. 9, Eq. 14 reduces to 
( n + 1 )  B  =  n  b ( 2 n  +  A  ( 1 5 )  
n n 
Substitution of Eq. 15 into Eq. 14 gives 
r (2n+l) (2n+l) 1 
v = Z n A — — I P (t) (16) 
r n n L (n + 2) J n 
The secondary boundary condition of Eq. 9 is written in a more convenient 
form when the cosine is replaced by the equivalent Legendre polynomial, 
P^(t). Substitution of the second boundary condition in to Eq. 16 gives 
r (2n + 1) h(2n + 1) "7 SPl(t) - L „An[ J PnCt). 
Due to the orthogonality properties of Legendre polynomials, it follows 
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that 
1. A = an arbitrary constant 
o . 3 
2 A = -$-2— t. A1 3 3 
b -a 
3. A =0 for n >1. 
n 
Then 0, v^, and vQ are given by 
M A
° " f A ? ) ( r + ^  cos 0 = A -Dr(1 + — )cos 9, (17) 
v = 
r 
/S a3 1 I b3-r3 
b3.- a3/ r3 , 
cos 0 = D(f-l) cos 9, (16-b) 
and 
V0 = 
S a3 l(1 +, b3 
b3-a3  2r 
^ ) sin 9= D(1 + y) sin 9 (18) 
where 
D = 6 a 
b3-a3 
and 
f = 
~~3 
r 
Once the relative velocity distribution of the fluid is known in terms 
of the geometry of the system and velocity of the inner sphere relative 
to the moving coordinate system, it is possible to determine the pressure 
distribution on the surface of the inner sphere by using the Euler 
euqations of motion for an ideal fluid. 
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For the axisymmetric case in spherical coordinates with a moving 
coordinate system, the Euler equations may be written as 
(xr + ïr + "7 T"5 • -f-j " «V^ro'- 37 
in the radial direction and 
f ( j i +  Vr 1 7  +  "7 i i +  -W " ( Be •  pW"r 
1 ^ P à 9 <19' 
in the tangential direction, a^ and a^^ are the radial and tangential 
components of the absolute acceleration of the origin of the moving 
coordinate system. In this problem these components are expressed as 
du,, Q 
aro = ~dï° co= 6 
and 
a0o = " ~d£° Sin 6 (20) 
The body force due to the weight of the fluid acts vertically downward. 
The orientation of the x-direction relative to the local direction of 
gravity is arbitrary, and the angle between the two directions can be 
p. The body force in the x-direction is given by B^ = pg cos p, and the 
body forces in the radial and tangential directions (B^ and B^) are 
given by 
B
r = Pg cos (0 + p) 
23 
and 
BQ = -pg sin (9 + p) 
which reduce to 
B
r 
= 
-pg cos 9 
and 
BQ = pg sin 9 (21) 
for the simple case where p = 180 degrees. (Note that the weight of 
the inner body was neglected in obtaining Eqs. 1 and 1-a). Substitution 
of Eqs. 16, 18, 20, and 21 into Eq. 19 give the pressure gradient with 
respect to 9 as 
|f - pr[{8 + £° - § «W 1» • + ! °V-4f) C°S V1" 6J (22) 
where 
* • $ -to s 
The total change in pressure from point to point in the fluid is 
given by 
dP 
" Il dr + If d9 1 
but on the surface of the sphere, dr = 0. Then, if is the pressure on 
the surface of the sphere when 9 is zero, the pressure at any other point 
is given by 
24 
r e n _ 
(23) 
Substitution of Eq. 22 into Eq. 23 with the indicated integration gives 
the pressure at any point on the surface of the sphere as 
where f is evaluated for r = a in the bracketed quantity. From Eq. 24, 
it is possible to determine the force of an ideal fluid on the inner 
sphere, and consequently the differential equation of motion of the 
inner sphere relative to the moving coordinate system. 
2. Equation of motion of the inner sphere 
From Fig. 1-b, it is seen that G(t) is positive to the right. From 
Figs. 2 and 3, the surface force due to pressure is seen to act in the 
negative r-direction. The projection of the surface force in the 
x-direction is negative and is diminished by the cosine of 0, and there­
fore G(t) is related to the surface force by 
P = P1 + 
I 
(24) 
(25) 
2 
where dA = 2jta sin 0 d0. Substitution of the expression for dA and 
Eq. 24 into Eq. 25 gives 
o 
dun 
dt 
| (f+2)J (1 - cos 0) 
25 
?.. 1 ~l 
LaJ + | (f* - 4f) (- / sin 0 cos 0 d0 
which reduces to 
G(t) = -M if^rj #• - + £°> I (25-a) 
4 3 
where M = — it a p or the mass of fluid displaced by the sphere. 
It is interesting to note that the convective acceleration terms, 
which are embodied in the ^ (f2 - 4f) cos ®^sin G term gq. 22, 
drop out on integration due to cos 0 sin 0 term. The theoretical 
significance of this observation with regard to the assumptions made in 
the viscous flow solution will be discussed in a later section. 
The equation of motion for the inner sphere is obtained by sub­
stituting Eq. 25-a into Eq. 1-a. The result is 
ms + \ ( ^ 3 + 23 J Ml 5 + K'S = F(t) + Mg + (M - mg) (26) 
else 
where the relationships m = mg, 5 = x, and uq = —^° were used. 
The left-hand side of Eq. 26 is a standard second-order differential 
equation for a vibrating system without damping. The right-hand side is 
composed of the forcing functions. 
3. Conclusions based on potential solution 
Certain observations and conclusions may be drawn from the equations 
derived in the potential solution. These are: 
1. The body force and the "inertia" body force enter into both 
the Euler and the Navier-Stokes equations in an identical 
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manner, and if the pressure term due to these terms is 
factored out of the equations, the body forces will pass 
through the steps of integration unaltered. Thus, the body 
force terms may be dropped in carrying out further analysis 
and these effects may be brought back into the differential 
equation of motion of any shape of body. This may be expressed 
mathematically as G(t) = F + Mg + M where F is the re­
sultant fluid force when the body forces are dropped. Note 
that the signs in the above equation would be reserved if 
the body forces act in the opposite directions. 
The convective acceleration terms drop out of the expression 
for the resultant fluid force, G(t), on the sphere for the 
potential solution. This is due to the sin 9 cos 9 product 
formed in each of the convective terms in Eq. 22 and is in­
dependent of the relationship between the velocity components 
(vr and Vg) with respect to the radius r and the time t. This 
is restricted to a sphere since the change in pressure in the 
derivation depends only on 9 at the surface of the sphere. 
In order to experimentally determine the effect of the fluid 
on the inner body, Eq. 26 indicates that the outer boundary 
or envelope can remain fixed. F(t) can perform the same 
function as each of the other terms on the right-hand side of 
Eq. 26 as far as providing a forcing function is concerned. 
Equation 26 indicates that the mass of the sphere is altered by 
an additional mass which is concentrated at the geometric center 
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of the sphere. This added mass is dependent on the geometry 
of the bodies and the density of the fluid. 
5. Equation 26 indicates that "fluid coupling" takes place between 
the two spheres when the outer envelope or shell is accelerated. 
This is true regardless of the shape of the envelope and inner 
body; that is, M ~o is independent of the shapes and is 
dependent only on the volume of the inner body and the density 
of the fluid. 
6. Since Eq. 26 is a second-order differential equation, the response 
icot 
of the inner sphere should be of the form e when the forcing 
functions are also of this form. 
7. A Fourier analysis may be used in this type of problem since 
all of the terms which remain in the equation of motion of the 
inner sphere combine linearly. This is a consequence of con­
clusion 2 above. 
C. The Viscous Flow Solution 
Stokes (31, 32) presented a paper "On the Effect of Internal 
Friction of Fluids on the Motion of Pendulums" in 1850. In this paper, he 
solved the problems of flow about spheres and cylinders in a real fluid 
and developed what is known today as "Stokes1 Stream Function for Axial 
Symmetry in Three-Dimensional Flow". The development of these stream 
function relationships is also given in Milne-Thomson (20) and 
Streeter (33). 
The basic assumptions and final equation developed by Stokes will 
be outlined in the following section. The entire derivation by Stokes 
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is outlined in Appendix A. The nomenclature is that of Stokes except 
for the following substitutions: j for \j -l', m for n, v^ for R, 
Vg for 9, "Vfor (i, and 6 for J . The starred equation numbers correspond 
to those of Stokes1 for easy reference. Lamb (16) derives the same 
final equations as Stokes for a sphere in an infinite fluid by using a 
different approach. 
Before solving the problem of two concentric spheres, Stokes con­
siders the following problem which demonstrates the effects of a viscous 
fluid on a rigid body. Consider an infinitely long plane (or thin 
plate) which is in an unlimited mass of fluid. The plane is allowed 
to oscillate in a direction parallel to the plane with a velocity of 
v = c sin (D t (9*) 
The solution of the governing equations of motion gives a velocity 
distribution of 
v = c e x sin (cut - j jy ' x) (12*) 
above the plane and a force per unit area of 
t3 • p F¥P (v + m if > (i3*> 
which acts on and parallel to the plane. In regard to Eq. 13*, Stokes 
says, "The force expressed by the first of these terms tends to diminish 
the amplitude of the oscillations of the plane. The force expressed 
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by the second has the same effect as increasing the inertia of the 
plane." The significance of this last term cannot be underestimated 
since it shows that the inertia of a body can be increased by the 
presence of a real fluid. This term is in excess of the value which 
may exist from potential flow solutions and may be considered as a thin 
layer of fluid being carried along by the plane. 
The two basic assumptions of Stokes in obtaining the viscous 
flow solution for two concentric spheres were: 
1. The fluid is incompressible. 
2. The viscous forces dominate the inertia forces due to the 
convective acceleration terms, and these acceleration terms 
are neglected . 
The time dependent inertia term must be included since the motion is 
unsteady. The second assumption is common to viscous or slow flow 
analysis where the non-linear terms do not drop out due to the boundary 
conditions and is supported (only for spherical boundaries) by the 
second conclusion from the previous potential flow analysis. 
1. Force of the viscous fluid on the inner sphere and the equation of 
motion 
The resultant fluid force, F, acting on the sphere due to the 
pressure and shearing stresses of the fluid is given by 
F = Kpa at ^  (df1)a + 2 2yLjsin 9 d (49*) 
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from Appendix A. (Note that the body force and "inertia" body force 
terms are not included in the expression for F. See conclusion 1 of 
potential flow analysis and the Appendix A for details.) When the 
stream functions (jJ^ and are substituted and the indicated operations 
of integration and differentiation are completed, Eq. 49* is reduced to 
F = npajm (a) + 2 f2 ^  J e^t (50*) 
For the case of two concentric spheres, Stokes substituted the 
relationship 
K a^c = (-k+jCg) a^c = a f| (a) + 2 (a) 
into Eq. 50* where K (= - k + jCg) is a complex function. By noting 
the definitions of velocity and acceleration, F reduces to 
F = - (kM) H - (MjoCg) 6 (27) 
where M is the mass of fluid displaced by the sphere. Recall that the 
relationship between G(t) and F is G(t) = F + Mg + M -^o from conclusion 
1 of the potential flow analysis. When this form of G(t) is substituted 
into Eq. 1-a, the differential equation of motion for the inner sphere is 
(mg + kM)ô + (MC œ)ô + K' 8 = F(t) + Mg + (M - mg) -^° (26-a) 
where k is the added mass coefficient and Cg is the fluid damping coeffi­
cient . The name of fluid damping coefficient is used here to distinguish 
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Cg from Cg where (X is the damping coefficient in the usual sense which 
implies the product of M m Cg. The term kM shows that the inertia or 
mass of the sphere is increased, but its weight remains unchanged. 
2. Evaluating Stokes' solution 
The complex function K was evaluated by applying the boundary con­
ditions of Eqs. 35* and 36* (see appendix A) and by solving the resulting 
set of four simultaneous equations for the constants A, B, C, and D. The 
result is 
K = 1 -
2m 
tt [ A ' " B '— 1 (28) 
a L 12ma + C' + D'J 
where 
and 
A' = (m2a2 + 3ma + 3) (m2b2 - 3mb + 3) em^b , 
B' = (m2a2 - 3ma + 3)(m2b2 + 3mb + 3) e"m^b"a), 
C = jjm2b2 - 3mb + 3) - X (m2a2 + 3ma + 3 )J em(b"a) $ 
D' = [Â(m2a2 - 3ma + 3) - (m2b2 + 3mb +  3 ) ]  e"m^b"a) , (29) 
A = a/b . 
Equations 28 and 29 do not reduce easily, but they can be approximated 
to a satisfactory degree under two conditions. 
For the first condition, consider the case when b becomes 
very large compared to a. Therefore, due to the exponential term 
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e 
ui^u-cty 
, the quantities given by A1 and C1 are very large compared to 
B1, D1,and 12ma. Under this condition, Eq. 28 reduces to 
K = -k + j C = 1 
J s 
3 (28-a) 
and the exponential terms cancel out of A1 and C1. This form of K is 
much easier to work with than the previous one. 
For the second condition, consider the case when b is not much 
larger than a. Upon examination of the similarity of A' and B1, it is 
seen that the major difference between them is the exponential term. The 
same can be said for C1 and D1. Hence, when A1 is much larger than B1 
and C1 is much larger than D1, the degree of approximation may be es­
timated by comparing the magnitudes of C1 and 12ma. 
The calculation of Stokes1 solution requires the reduction of A" and 
C1 to their real and imaginary parts. This reduction is simplified when 
all of the terms are expressed by the two variables p2 and X where 
p2 ( = -2Ê = sn) is the Stokes1 number and X (= a/b) is the radius 
or diameter ratio. Through the use of these two variables and Eq. 32*, 
(see Appendix A) the various terms in A' and C1 may be expressed as 
follows: 
A1 may be written in the form of its real and imaginary parts as A' = 
and m(b-a) = —Ër 
112 1  
(1 + j) = h(l + j) . 
(rl + jr2) e (l+j)h wjlere substitution of the above relationships gives 
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z1 = 9 - 3h (p2/* + 3) - (p2//!)2 (30-a) 
and 
2 
r9 = 3h (p"/A - 3) + 3 + 1 I (30-b) 2 1  j J I 
À 
In a like manner, C1 may be written as C1 = (r,. + jr(,)e^+^'1 where 
the substitution gives 
r 5  =  3 ( 1  - A )  -  (  |  I  <3h> (30-c) 
and 
'6 -(^j <^> - 3h f <30'd) 
Substitution of Eqs. 30-a through 30-d into Eq. 28-a and cancellation of 
the common e^+^^ factor give the reduction of K to its real and im­
aginary parts as 
k. -1 oc-) 
2P (r/ + r/) 
and 
*. • sye -
2 
These are close approximations for k and Cg when the values of p are 
greater than 10"^ for À = 0.74. It can be shown that the difference 
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between C1 and 12 ma is about one percent when p^ is equal to 400. 
2 
Since the lowest value of p in the experimental work was approximately 
400, Stokes1 solution was calculated from Eqs. 30-a through 30-f. 
3. Summary of the theoretical analysis 
As noted previously, an experimental program can be set up with 
the outer shell fixed since the dynamic response characteristics of the 
equation of motion depends on the left-hand side of Eq. 26-a for a 
given forcing function. Equations 30-a through 30-f of the viscous 
flow solution indicate that k and Cg depend on the values of Stokes1 
number (S^) and the radius ratio X while the potential flow solution 
indicates Cg is zero and k depends only on X • 
In summary, the theoretical analysis has shown that: 
•' 1. The equation of motion is a second-order differential equation. 
2. The coefficients of the second-order differential equation are 
not constant but depend on Stokes1 number for a given geometry. 
3. The mass or inertia of the body is increased by the added mass, 
kM, which acts through the centroid of the body but does not 
alter the weight of the body. 
4. The body force and "inertia" body force appear as forcing 
functions in the equation of motion. 
5. The outer shell may be fixed for conducting the experimental 
program since the effects of the viscous fluid on the equation 
of motion are contained in the terms k and C ; that is, these 
s 
are the only terms in equation of motion which are functions 
of Stokes1 number. 
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The viscous and potential flow solutions are the extremes of 
analysis since the convective acceleration terms are neglected in 
the first and the viscous terms are neglected in the second. An 
experimental program must be utilized to establish the range over 
which these theoretical methods of approach are valid and must fill 
the void between these two extremes of analysis where the convective 
acceleration terms and the viscous terms are of equal importance. 
With the potential and viscous flow solutions worked out, a 
more rational basis for the establishment of the experimental program 
is available. In this regard, the theoretical analysis will be of 
assistance in selecting the variables to be considered and the most 
useful forms for the Pi-terms. 
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III. DIMENSIONAL ANALYSIS 
Dimensional analysis provides a means to systematize and simplify 
the experimental program. The number of variables in the experimental 
program are reduced by replacing the original variables with dimen-
sionless Pi terms where each Pi term is a function of one or more of 
the original variables. The Pi terms provide more experimental freedom 
since it is usually possible to change the value of a dependent Pi term 
by varying one or more of the original variables and to hold the re­
maining dependent Pi terms constant. 
The selection of the pertinent variables, of course, is the most 
difficult part of this analysis since the omission of an important 
variable can lead to erroneous conclusions. This selection is divided 
into two groups; i.e., the variables which are included in the previous 
theoretical work and those which are not. 
A. The Selection of Variables and Pi Terms 
1. Added mass variables 
The added mass is seen from the theoretical analysis to depend on 
the following variables. 
2 -4 
1. p - the density of the fluid - FT L 
2 -1 
2. -v' - the kinematic viscosity of the fluid - L T 
3. a - the radius of the inner sphere - L 
4. b - the radius of the outer sphere - L 
-1 
5. en - the angular frequency of the oscillation - T 
where F, L, and T stand for force, length,and time, respectively. The 
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variables not included in the theoretical analysis are 
6. S - the amplitude of the oscillation - L 
7. e - the mean height of the surface protrusions or roughness 
of the surface - L 
8. E - the rigidity parameter of the spherical boundary - FL ^ 
It can be shown that the outer shell is subjected to a fluctuating 
pressure. The resulting elastic deformation is a vibration of the shell 
which violates the boundary conditions as stated in the viscous flow 
solution. Thus, the rigidity of the shell must be considered if the 
shell vibration is to be avoided and the boundary conditions are to 
be satisfied. The rigidity parameter is a function of the properties 
of the material, the geometrical configuration of the material, and 
the external loads applied to the shell. The inclusion of these 
additional variables is beyond the scope of this study. The rigidity 
parameter was introduced to represent these elastic effects by a 
single term which is considered to a measure of the rigidity of the 
_ ^ 
outer shell. The dimensions of FL were given to the rigidity para­
meter since the resulting Pi term will include an important combination 
of variables and have a simple but useful form. 
In the original dimensional analysis, the rigidity parameter was 
omitted. The exclusion of this variable led to the designing of the 
basic experimental procedure on an erroneous basis which, in turn, gave 
2 "1 
some experimental scatter. The added mass (M* - FT L ) may be expressed 
in a general equation as 
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M' = f(p,y, a, b, a), 6, e, E) (31-a) 
with a total of eight independent variables and one dependent variable. 
2. Damping coefficient variables 
The damping coefficient (C^ - FTL is a function of the same 
variables as the added mass with the possible exception of the rigidity 
parameter of the spherical boundaries. However, for completeness, 
it is included here as a variable. The damping coefficient may be ex­
pressed in a general form as 
Cg = g(p,V, a, b, m, 5, e, E) (31-b) 
with a total of eight independent variables and one dependent variable. 
3. Buckingham Pi Theorem 
The Buckingham Pi Theorem was used to express Eqs. 31-a and 31-b 
in terms of dimensionless parameters. Murphy (21) states this theorem 
as follows: "In general terms, the Buckingham Pi Theorem states that 
the number of dimensionless and independent quantities required to ex­
press a relationship among the variables in any phenomenon is equal to 
the number of quantities involved, minus the number of dimensions in 
which those quantities may be measured. In equation form the Pi Theorem 
is 
s = n-b, 
in which sis the number of it terms 
n is the total number of quantities involved 
b is the number of basic dimensions involved." 
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Thus, there are nine variables and three basic dimensions in this 
problem which, according to Buckingham's Pi Theorem, must give six 
independent and dimensionless terms. The exact form of the Pi terms is 
arbitrary as long as they are independent and dimensionless. However, 
it is judicious to develop as many Pi terms as possible which will 
correspond to the dimensionless terms formed in the viscous flow solution. 
4. Pi terms 
The six Pi terms considered in the experimental study of the added 
mass were: 
M' 3 
1. Jtj = where the a could be replaced by any combination of 
P a 
2 2 
a b, ab , etc. Stokes'solution associates M' with the mass of 
fluid displaced by the sphere. Hence, the first Pi term, which 
is the dependent term, is written as 
M' M' 
«1 = 4 3 - M~ 
 ^ P a 
4 
since ^ % is a dimensionless constant. 
2 _ 
2. n 2 = Tp = Sfi where ma could be replaced by cdÔ which is 
the maximum velocity. Stokes' solution indicates the combination 
03 a2 
of —— . This term is a measure of the ratio of the inertia 
forces to the viscous forces in the fluid and is considered to 
be a form of Reynolds number for this problem. The title of 
Stokes'number is used in honor of Stokes in the literature. 
3. jt^ = "g = A where the ratio b/a could also be used. Since b 
can become large or infinite, it is more convenient to use the 
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ratio of a/b which gives X values between zero and one. 
4. it^ = — where 5/a is used in place of 6/b or ô/e . As 
shown in the potential flow analysis, the ratio of 5/a is 
a measure of the errors associated with the assumption that 
r = a describes the inner boundary at all times. 
5. = ^ which is a measure of the relative roughness of the 
inner sphere. 
2— 
6. it £ = — From Eq. 24, it is possible to show that the 
fluctuating pressure which acts on the outer boundary is 
2 
proportional to pco 5 . 
If the outer boundary were quite flexible, this would alter the outer 
boundary condition from a radial velocity of zero to some finite value 
which may not be in phase with the pressure. The radial velocity 
component induced by the fluctuating pressure term may be increased by 
a factor of 4 when p, 5, and the shell are the same and œ is allowed to 
double. This indicates that the stiffness of of the outer shell is of 
great importance and is a measure of this elastic boundary effect. 
The effect of this phenomenon was detected in the experimental data to 
be discussed later. The dimensionless equation for the added mass can 
be written in the form 
it = k = F («2, it y it^, it it6> (32-a) 
where 
2 
M' , cd a „ a \ — / 
*1 = M" = k' *2 = "V" = Sn> *3 = b = A ' *4 = &/a' 
2— 
it,. = "f » = > and F is an unknown function . 
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For the damping coefficient, the Pi terms are the same except for 
the dependent Pi term which contains the dependent variable C\ The 
lead given by the viscous solution indicates this Pi term should be 
written as 
C C 
s s 
n7 " 4 3 " ~M " Cs 
3 np a 
Then, the dimensionless equation for the fluid damping coefficient can 
be written in the general form of 
n7 = Cs = G^2' *3' n4' 715' n 6^ (32-b) 
where jt^» 3» etc. are the same as before. From Eqs. 32-a and 32-b, 
it is possible to examine some of the requirements for an experimental 
program. 
B. Control of Pi Terms 
The object of the experiments was to determine it ^ and as functions 
of Kg f°r a given jty As can be seen from Eqs. 32-a and 32-b, the experi­
mental objective requires that the Pi term , n, and n^ be held constant. 
In regard to n , this could be readily accomplished, but the terms jt^» 
and jt presented a more difficult problem. 
6 
In order to obtain the widest possible range for n three possibilities 
were available: 
1. Vary a. This requires constructing many inner and outer spheres 
to hold jt ^ constant, and is a rather poor choice because it,., 
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and it, are affected. 
0 
2. Vary cu. This is easily done but gives rise to the problem 
of holding it^ and it ^  constant since one or the other must 
change. 
3. Vary 1/ . This is a laborious job with the problem of fluids 
mixing and changing properties. The changing of fluids will 
most likely change the density and, hence, change itg. 
These three alternatives show that ir„, it., and it are somewhat incom-
Z 4 6 
patible because of a change in itg, with w, a, orv, will also change it^ 
and/or it, . 
o 
The final experimental procedure was based on two assumptions: 
1. The results will not be seriously effected as long as the 
center of the inner sphere remains within a small volume at 
the center of the outer sphere. This implies that it^ and it^ 
are nearly independent of it^ for small values of it^. This 
will allow some freedom and is supported by experimental 
observation. 
2. The spheres (inner and outer) are rigid, and the elastic be­
havior may be neglected for a moderate range of frequencies. 
Then, it^ may be considered to have a negligible effect on the 
results. 
If these two assumptions are accepted, it is possible to hold it^ 
and it ^  constant with some variation in it. and it„. it. could be made to 
5 4 o z 
2 5 
cover the range of 4 x 10 to 6 x 10 by using four different fluids and 
43 
by varying m from approximately 5 cycles per second to 25 cycles per 
second,and was increased by a factor of about 25 with p and Ô held 
constant. Thus, assumption two which was made without the benefit of 
7t^ originally may be expected to give some trouble when m is at its 
higher values. This was verified experimentally. 
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IV. EXPERIMENTAL PROCEDURE AND APPARATUS 
A. Development of the Experimental Procedure 
From Eq. 26-a, it is seen that the governing differential equation 
for the sphere is a second-order equation with varying coefficients 
2 
since k and Cg are expected to be functions of -zp— from the viscous 
flow solution. For a given sphere and fluid, the coefficients depend 
entirely on the angular frequency. When co is constant, the coefficients 
are also constant. Thus it appears reasonable to conclude that the 
solution and response of this equation is very similar to the solution 
and response of a second-order differential equation with constant 
coefficients. Hence, it was assumed that the equation governing the 
vibration of the sphere could be treated as an ordinary second-order 
differential equation with constant coefficients when the angular 
frequency was constant. 
On the supposition that this assumption is valid, a vibratory 
system as shown in Fig. 5-a was proposed in which the inner sphere is 
attached to a simply supported beam with a spring constant of . The 
beam and sphere were driven by a spring attached to the loud-speaker 
probe. The driving spring has a spring constant of K^, and the speaker 
probe moves with a motion of h cos cut. From the theory of vibrations, 
it can be shown that the first mode of vibration of a simply supported 
beam is the same as a weightless beam with approximately half the mass 
of the beam concentrated at the center. Since the sphere and the spring 
were attached to the center of the beam by a device having mass, all mass, 
y = h coswt 
beam 
concentric 
spheres 
Fig. 5-a Beam with attached sphere 
beam 
equivalent 
ma s s 
Fig. 6-a Beam with equivalent mass attached 
Kb 
ms • kM t V mb 
y =h cos tvt 
equilibrium position 
5-displacement of 
beam center 
"vtx xvx 
Fig. 5-b Equivalent spring, mass, and 
dashpot system Ui 
Me* 6 mb 
y =h cos«vt 
equilibrium position 
S-di splacement of 
beam center 
Fig. 6-b Equivalent spring, mass, and 
dashpot system 
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other than that of the sphere and added mass, was combined in a term 
proportional to the mass of the beam and written as Tm^. 
An equivalent system is shown in Fig. 5-b in the form of a simple 
spring, mass, and dash-pot. The equation of motion can be obtained 
from Eq. 26-a by setting 
F(t) = Kg h cos cut - Tm^ S - Ô 
K' = K, + K 
and all other terms on the right hand side equal to zero. Newton's 
second law may be applied to a free body diagram of the body in Fig. 
5-b to also obtain the equation of motion. Both methods give 
(mg + kM + Tn^) 5 + C 6 + + Kg) 5 = Kg h cos œt (33) 
where the weights and bouyant forces are neglected since they give a 
particular solution of 5 equal to a constant. The damping coefficient 
C is the sum of the damping coefficients for the beam and the sphere. 
The beam shown in Fig. 6-a has a mass of M£ attached at its center. 
If Newton's second law is applied to a free body diagram of the body in 
Fig. 6-b, the equation of motion is 
(Me + yn^) ô + C' S + (K^ + Kg) S = Kg h cos m t. (34) 
If it is assumed that the two beams and their respective spring constants 
are the same, that the term ym, and the frequency of the forcing function 
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are the same, and that the two systems are in resonance with the same 
natural frequency, then it follows that Mg = m^ + kM. From this 
equation, the added mass coefficient is given by 
M m 
k = —S — (35) 
M 
The most direct method for determining the damping coefficient of a 
vibrating system is to measure the logarithmic decrement of damped 
vibration curves, and this technique was used to evaluate the damping. 
An alternate method for determining the added mass coefficient is 
given by Sarpkaya (26). His method consists of using a load cell between 
the vibrating beam and the sphere which measures the external force on 
the sphere. This method was considered to be unacceptable since the 
equipment needed careful calibration for each run and the isolation of 
the damping and mass terms would have been extremely difficult. 
The preceding paragraphs have shown that the desired information can 
be obtained from a vibrating beam with a sphere and an equivalent mass 
attached. The fundamental information and the necessary equations which 
are needed for the experimental program are presented as five separate 
procedures which formed the basis for the final experimental procedure. 
From these five procedures, the added mass and the fluid damping 
coefficients were determined. 
PROCEDURE I The sphere is attached to the beam and the driving 
frequency adjusted until resonance occurs. (At this point, it is 
assumed that the natural frequency can be accurately determined.) The 
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power to the speaker is cut off, and a damped vibration trace is 
recorded. From Eq. 33 with h set equal to zero, the differential 
equation of motion is 
m 8 + CL Ô + KL 5 = 0 (33-a) 
where m^ = mg + kM + T^m^ . 
From vibration theory, the damping coefficient is given by 
/ m, en, \ / X. 
C l = C s  + Cbl " 
1 1 1 In ' 1 
\ "l" / Xnl 
where is the damping coefficient of the sphere, is the damping 
coefficient of the beam, and X^ are the amplitudes of the damped 
curve at the beginning and at the nl th cycle, cjo^ is the damped frequency, 
and nl is the number of cycles over which the logarithmic decrement is 
measured. From the damped trace, œ^, X^, and X^ can be obtained. 
Hence, this procedure gives the damping coefficient of the sphere and 
beam combination and the damped frequency . 
PROCEDURE II The sphere is attached to the beam, and the system is 
driven at the natural frequency. The differential equation is 
m2 ^  + C2^ + K2^ = Ks^ 2 cos œ2t (33-b) 
from Eq. 33 where = mg + kM + ^ m^. The forcing frequency is given 
by 
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and is recorded as the natural frequency of the system. 
PROCEDURE III The sphere is replaced by a mass at the center of 
the beam. The mass is adjusted until the system is vibrating in resonance 
with the driving frequency set at . The driving frequency is recorded 
to check the possiblity of drift. From Eq. 34, the governing equation 
of motion is 
m^S + C^S + K^S = Kg hg cos ay t (34-a) 
where ny = Mg + m^ . 
PROCEDURE IV The mass remains the same. The beam is driven by the 
speaker, and then the power is cut off. A damped vibration trace is 
recorded. From Eq. 34 with h set equal to zero, the differential 
equation of motion is 
m4ô + C,5 + K4& = 0 (34-b) 
where m^ = m^ . The damping coefficient is 
f m4 m 4  
C4 " Cb4 + Cm4 * —/ lD 
/ X 
4 
Xn4, 
where C is the beam damping coefficient, C . is the damping coefficient 
b4 m4 
due to the presence of the equivalent mass container and is the damped 
frequency. 
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The assumptions associated with Eq. 35 may be expressed as = Kg = 
K3 = K4' T1 = r2 = r3 = r4' m2 = œ3> and mi = m2 = m3 = m4' 
The first result of these assumptions is the added mass coefficient given 
by Eq. 35. The second result is the damping coefficient of the sphere 
which is obtained by subtracting from C^. This subtraction gives 
C. C. = C1 + C,- - C, , - C . which can be written as 
1 - 4  s  b l  b 4  m 4  
" C1 - C4 + <Cb4 - Cbl> + Cm4' 
The damping coefficient of the sphere reduces to 
°s " C1 " C4 <37) 
if it is assumed that C^ = and that is negligible compared to 
C\ Substitution of the expressions for and into Eq. 37 yields 
m .  f a ) ,  X n  c o .  X .  ~ 7  
c'- ~ I ~il nXi " ~ ln ~J <37"a) 
The principal difficulty with Eq. 37-a is the mass term m^. From 
Eq. 36, it can be seen that m, K, and m are related to each other, but 
any calibration of the spring constant is considered to be of questionable 
value unless the calibration is done during each experiment since the beam 
2 is changed to vary ma /-y . This leads to the need for procedure V in 
which m^ is determined experimentally during each run of data. 
PROCEDURE V A mass m which is in excess of M is attached to the 
a e 
center of the beam. The frequency is adjusted until resonance occurs, 
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and the driving frequency is recorded. From Eq. 34, the governing 
equation of motion is 
m^ô + C..Ô + Kç.6 = Kg hg cos m^t (34-c) 
where m_ = m + m. , and Kc = K. . 
5 a 4 5 4 
From the relationships between masses, spring constants, and natural 
frequencies, it can be shown that 
/ 2 
m4 = ma 
m5 (38) 2 2 
*2 - *5 
From Eq. 27, the fluid damping coefficient is related to the damping 
coefficient by 
C 
Cs = (39) 
M a>2 
Substitution of Eqs. 37-a and 38 into Eq. 39 gives the fluid damping 
coefficient as 
c== * )[iln 4 " kln h1 (39"a> 
if it is assumed that = Wg = Hence, it is possible to determine 
both k and C from Eqs. 35 and 39-a with this type of arrangement pro-
s 
vided the natural frequency can be accurately determined. 
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B. Instrumentation Technique 
The steady state solution of Eqs. 33 and 34 is of the form 
K h 
5 = r - S , cos (cut - a) (40-a) 
I ?2 2 2 
(K-nrn ) + Cm 
where Ct is the phase angle between Ô and the driving force and is given by 
tan a = j • (40-b) 
K - mo 
When m is the natural frequency, the tangent of OL is infinity. This indi­
cates that a is 90 degrees; that is, there is a phase shift of 90 degrees 
between the forcing function (Kg h cos cot) and the response of Ô which is 
given by Eq. 40-a. Since a phase shift of 90 degrees always occurs when 
co is the same as the natural frequency, a direct measurement of the phase 
shift may be used to determine if the driving frequency is the same as 
the natural frequency. 
1. Measurement of phase shift 
The phase angle can be measured by using Lissajous figures as follows: 
Let the horizontal displacement of a point be given by x = a cos cot, 
and the vertical displacement be given by y = b cos (cot - CH) . Now, 
consider two cases: (2=0 and a = 90 degrees. In the first case, 
the relationship between y and x is y = ~ xj and in the second, 
—r + —j-r- = 1. Hence, the relationship between y and x goes from a 
a b 
straight line to an ellipse which reduces to a circle when a = b. 
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When a displacement pickup which measures the displacement of the 
speaker probe (h cos cot) is connected to the horizontal amplifier of an 
oscilloscope and a similar pickup which measures the displacement of the 
beam or sphere is connected to the vertical amplifier of the same oscillo­
scope, an ellipse or circle is traced on the screen when OL = 90 degrees. 
The prime requirement for using this technique is that the relative 
phase shift between the two displacement measuring instruments and the 
presentation of their signals on the scope be zero over the frequency 
range used. 
2. Instrumentation and equipment 
A schematic diagram of the basic instrumentation is shown in Fig. 7. 
The oscillator drives the Heathkit amplifier with a sinusoidal voltage. 
The amplifier drives the speaker probe which drives the beam through the 
drive spring Kg. Pickup #1 measures the displacement of the speaker 
probe, and the signals are amplified by the Brush amplifier #1 which is 
connected to the horizontal amplifier of the scope. Pickup # 2 measures 
the displacement of the center of the beam, and the signals are amplified 
by the Brush amplifier #2 which is connected to the vertical amplifier 
of the scope. A recorder is connected to the Brush amplifier #2 for 
recording either the steady state or damped oscillation of the beam. 
The equipment used is listed as follows: 
1. Oscillator - Hewlett Packard (low frequency) Model 202C. 
2. Amplifier - Heathkit hi-fi amplifier (25 watts) Model W-5M. 
3. Speaker - 12 inch permanent magnet type with probe glued to 
voice coil and center guided. 
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Fig. 7 Schematic diagram of instrumentation 
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4. Pickup #1 - two SR-4 gages glued to steel scale which was bolted 
between two 1/4 inch steel plates. 
5. Pickup #2 - three types were used and are described in more 
detail in the next section. 
6. Brush universal amplifiers #1 and #2 - these were identical 
Brush amplifiers - model BL-520. 
7. Oscilloscope - Hewlett Packard Model 122A. 
8. Recorder - Brush direct writing oscillograph Model BL-202. 
3. Beam pickups 
Three types of pickups were used to measure the displacement of the 
beam. The first two types presented some entirely unexpected problems. 
TYPE ONE The first pickup was a displacement type, manufactured 
by Brush (Model DP-1), which used a crystal element to generate an 
electrical signal. This pickup could be connected directly to the 
oscilloscope or the Brush amplifier #2 for recording purposes. 
It was observed that a phase shift occurred when the position of 
the pickup was altered slightly relative to the beam with the driving 
frequency constant. This was undesirable, but it was also observed 
that the phase shift was sensitive to the input resistance of the 
oscilloscope. An analysis of the electrical circuit for the pickup 
showed that the phase shift was dependent on the input resistance and 
was strongly frequency dependent over the range of frequencies used. 
TYPE TWO The second pickup used on the beam was identical to the 
pickup used on the speaker probe. When both pickups were connected to 
the speaker probe, they gave identical signals on the scope with no phase 
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shift between them over a frequency range of 4 to 100 cycles per second. 
This pickup was used for obtaining a large amount of data, but it was 
found, after several refinements were made in other parts of the 
apparatus, that a change in the equilibrium position of this pickup by 
1/8 of an inch would change the value of by about 5 percent for a 
constant driving frequency on the lightest beam. 
TYPE THREE Two SR-4 gages were glued to the beams about one and 
one half inches from their centers. One gage was mounted on the top and 
one on the bottom of each beam. These gages measured strains in the 
beam which are proportional to the displacement of the centers of the 
beam. 
In order to check on the phase relation between the speaker probe 
pickup #1 and this pickup, the type two pickup was also attached to the 
center of the beam. The oscillator was adjusted until the beam was 
vibrating at resonance. The type two pickup was then connected to the 
scope through the #1 Brush amplifier, and the two signals (one from 
the type two pickup and one from the strain gage on the beams) were 
compared for phase on the scope. No phase shift occurred. To insure 
that speaker pickup #1 and the type two pickup had no phase shift 
between them, both were connected to the speaker probe and tested. 
This test procedure was used before and after the last series of data. 
Type three pickup solved the problem of pickup interference into 
the performance of the lightest beam. Once the oscillator was set at 
the natural frequency, the mass attached at the center could be re­
moved and replaced, and the beam could be externally disturbed; but, 
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when the disturbance stopped, no changes occurred in the natural frequency. 
C. Description of Apparatus 
1. Supporting frame 
The frame used to support the various parts of the apparatus is 
shown in Figs. 8 and 9. This frame was built of construction grade 
2 in. x 6 in. lumber. The left end was bolted to a brick wall, and the 
bottom was anchored to the concrete floor. The outer shell was attached 
to the moving support which could be raised and lowered during the ex­
periment. The speaker, the beam, the fluid reservoir, and the vibration 
pickups were supported by the top support. 
2. Vibrating beams and supports 
The vibrating beams which were used as variable springs in the 
experiment were originally designed to give a frequency range of 4 to 40 
cycles per second. It was found, however, that the three lightest beams 
were too flexible for the mass they had to carry and the four heaviest 
beams were too stiff for the supporting frame. In the latter case, the 
supporting frame vibrated more than the beams when resonance was reached. 
It became apparent during the preliminary tests that three or four 
beams would be sufficient. The physical description of the four beams 
used is given in Table 1. 
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Table 1. Beam sizes 
Beam 
no. 
Material 
b(width) 
in. 
h(depth) 
in. 
1(length) 
in. 
4 Aluminum 1 1/4 31.0 
7 Steel 1 1/4 34.0 
9 Steel 1 1/4 24.5 
12 Steel 1 1/2 30.5 
These sizes gave a frequency range of about five to twenty-three cycles 
per second. 
a. Linearity of beams Beam numbers 4 and 7 deflected considerably 
under the load of the equivalent mass which they had to carry, and there 
was some concern as to whether or not the beams were operating at a 
point where the spring constant was non-linear. A static test was con­
ducted to determine if the load-deflection diagram showed any non-
linearities. The results of this test indicated that the spring constant 
did not vary for the range of loads placed on the beams. The maximum 
load in this test was 1 1/2 times as large as the biggest anticipated 
equivalent mass load. 
b. Beam supports The simple support conditions for a simply 
supported beam are very difficult to satisfy. Three types of support 
were developed and tested before a satisfactory one was obtained. 
PIN SUPPORTS The first supports consisted of two shallow holes 
drilled on opposite sides of the beam at each end where support was 
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needed. Pointed set screws, which were threaded through tapped holes 
in the beam support brackets, were turned in until the points were 
snug against the beam. One of the support brackets had a similar pair 
of set screws at the top which provided lateral freedom. This method 
of support was identical to Stelson's (27) and was expected to provide 
nearly point support with little moment at the ends. 
Some experiments were conducted which tested the repeatibility of 
the beams. These experiments showed that the tightness of the set 
screws and the reactions at the ends greatly effected the results. Since 
the support reactions vary during the experimental procedure, these 
supports were considered to be unacceptable. 
BALL BEARINGS SUPPORTS The support brackets were rebuilt using 
ball bearings. The left hand support contained two ball bearings mounted 
on a shaft with a hole in the center. The beam was bolted to the shaft. 
The right support was similar except that two additional ball bearings 
were used to provide lateral motion. When these supports were new, they 
appeared to operate quite well. 
As the bearings were used, they began to operate as if dirt were 
in them, but they could be freed easily by rotation and by cleaning 
with compressed air. The unfavorable behavior of the bearings would 
return after a few minutes of operation. This, coupled with poor 
repeatibility as they became older, indicated that the ball bearings were 
wearing small grooves in the races due to the oscillatory motion. Hence, 
the ball bearings were considered to be contributing to the experimental 
errors by changing the end conditions of the beams during the experiments. 
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The ball bearings were finally discarded when one of the bearings 
produced a very audible clatter which indicated that the inner race as 
well as the end of the beam was vibrating. 
ELASTIC SUPPORTS The elastic support consisted of a short canti-
levered beam with its longitudinal axis vertical. The end of this 
cantilever was rigidly attached to the end of the vibrating beam. 
It was thought that the cantilever should be as flexible as 
possible in the flexural sense, but as stiff as possible in the axial 
sense. From an elementary and simplified analysis (where all non­
linear terms were assumed to be of secondary importance), the spring 
constant for the elastically supported beam was found to be increased 
by a factor of 1/(1 - ^ ) where 
The subscripts of 1 and 2 refer to the cantilever and beam respectively. 
From this relationship, the ratio of I^/L^ to I^/L^ should be as large 
as possible. The final design of the cantilever was a thin steel 
banding strap with dimensions of 0.023 in. x 0.749 in. by 2.20 in. long. 
This method of supporting the beam worked very well. It gave the 
most consistent results in repeatibility tests, the cleanest signal on 
the scope, and was not disturbed by a horizontal vibration of the beam 
which had to be generated by an outside influence. It is well to note 
64 
that the influence of the type two pickup on the natural frequency of 
the beam was detected after the elastic supports were developed 
3. Inner sphere 
A photograph of the inner sphere is shown in Fig. 10. In designing 
this sphere, the principal considerations were strength, weight, accuracy, 
and ease of manufacture. The spheres used in studies of this type must, 
of course, be impervious to the fluids. 
Figure 11 shows a cross section of the sphere. The technique used 
in constructing the spheres proceded in eight steps. 1. A number ten 
brass rod was threaded to the proper lengths. 2. A nominal five-inch 
diameter Styrofoam ball was pierced through the center with a smaller 
diameter rod. 3. Two copper washers were cut out, and three holes were 
drilled through each washer. Two heavy copper wires were soldered to 
the washers with hooks on one side. One washer was attached to the 
brass rod between two nuts and soldered to the rod. 4. The brass rod 
was carefully pushed through the styrofoam ball following the hole made 
in step 2. The other washer was attached to the rod by a single nut, and 
the nut was advanced until the washers were drawn into the ball far 
enough for the hookes to be flush with the spherical surface. 5. A 
template was machined on a lathe by cutting a five inch diameter hole 
in a square piece of Plexiglass. The Plexiglass was cut along a diameter. 
Mounting brackets were attached to the template which held the brass rod 
and sphere in place relative to the template. A handle was attached to 
the brass rod for turning the sphere, and the template was placed in a 
vise. 6. A batch of "hydrocal B-ll" (a product of United States Gypson) 
Fig. 10 Inner sphere and outer shell 
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and water was mixed to stiff consistency. This was applied to the 
surface of the Styrofoam ball which was slowly rotated past the template. 
After the first layer had been applied, water was added to thin the 
remaining mixture and to wet down the mixture already on the ball. The 
voids were filled and water freely added as the mixture began to set. 
7. When the mixture was set, the sphere was quickly removed from the 
template, and the excess rod on one end was cut off and drilled out to 
a depth of about a 1/4 of an inch. The hole was filled with the "hydrocal" 
and smoothed over. 8. After drying for several days, the surface was 
given 10 to 12 coats of spar varnish with a light steel wool rub down 
between coats to remove any surface bumps due to dust in the air. The 
result was a smooth impervious surface. 
This simple construction technique produced a sphere of high quality. 
The variation in diameter was less than 1 percent from the maximum to 
the minimum values measured. The average diameter was 5.00 inches and 
the weight of the sphere was 310 grams. 
4. Outer spherical shell 
A photograph of the outer shell is shown in Fig. 10. The outer 
shell design requirements were: to be separable, to be transparent for 
centering, to be strong, and to be arranged so the test fluid could be 
easily admitted and withdrawn. The first two requirements eliminated 
the possibility of building the spherical part with the equipment 
available. The answer was found in the form of a child's toy called a 
"Butterfly Ball". On inquiry, the manufacturer supplied the clear 
acetate balls. 
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These acetate balls were too flexible so a Plexiglass frame was 
built to make them stronger and more rigid. A special cement for bonding 
Plexiglass to acetate was obtained. 
Several difficulties were encountered in the construction of the 
outer shell. First, the special cement was too weak. "Duco household 
cement" was found to provide a much stronger bond. Second, leaks at the 
joint between the hemispheres were common. This was finally stopped by 
using "florists clay". Third, the acetate was very unstable and had a 
tendency to shrink. The spherical surface degenerated to approximately 
the same shape a thin membrane or balloon would take, had the membrane 
been stretched over an imaginary frame made of four equally spaced semi­
circles. The majority of this shrinkage would take place in a period 
of about two weeks. Since the shrinkage was more severe with the "Duco" 
cement than with the special cement, it.is suspected that one or more 
of the solvents in the "Duco" cement may be the cause. Fourth, the 
acetate shell was drawn away from the heavy ring where the two hemispheres 
joined. Fifth, the most serious problem was the low rigidity which the 
Plexiglass frame provided. This last effect is related to Pi term itg 
discussed in the dimensional analysis section. 
5. Equivalent mass weights 
The initial apparatus used to determine the equivalent mass con­
sisted of a thin shell cylindrical container with a number ten brass rod 
running from the beam to the bottom of the container which was rein­
forced by a 1/4 inch steel plate. The container was filled with the 
correct amount of lead shot in the experiment. It was observed that a 
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phase shift occurred when the amplitude of vibration increased and that 
the bottom of the container was flexing. To correct this, a better 
weight was constructed. The new weight was made from the end cap of a 
two inch water pipe. Enough lead was melted and poured into it to give 
the basic unit a weight of about 1,600 grams. There was enough room on 
top to hold about 500 grams in the form of lead shot. A second lead 
weight of about 450 grams was cast which could be bolted to the bottom 
of the basic unit. This gave a range of 1,600 to over 2,500 grams with ' 
a much smaller portion of the weight being supplied by the lead shot. 
The new weight proved satisfactory. 
6. Experimental Fluids 
Originally, the intention was to use five fluids. A description of 
these is given in Table 2. In the preliminary tests, fluid number II 
was sufficiently viscous to produce nearly critical damping, and no 
useful information could be obtained from the damped oscillation trace. 
Hence, fluid number II was not used in the remainder of the experiments. 
Table 2. Experimental fluids 
Fluid number Composition 
I tap water 
II 140 weight aircraft engine oil 
III 50% 140 weight aircraft engine oil 
50% SAE 10 motor oil 
IV 95% SAE 10 motor oil 
5% Kerosene 
V 40% SAE 10 motor oil 
60% Kerosene 
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Standard values for the kinematic viscosity of water were used for 
tap water. For the other fluids which are liquid petroleum products, 
the A.S.T.M. standard test (D341) was used where the kinematic viscosity 
was converted from "Saybolt Universal Seconds" to units of square feet 
per second. The density of the fluid was measured by using a hydrometer 
during each experiment. 
D. Final Experimental Procedure 
The final experimental procedure consisted of 10 steps as follows: 
1. The moving support was raised to its up position. The inner 
sphere was attached to the beam and centered vertically and 
horizontally. 
2. The fluid was admitted, and its temperature recorded. When the 
fluid level was near the top of the inner sphere, the vertical 
position of the inner sphere was checked. (Experiments without 
the fluid showed that vertical centering could be done without 
influencing the horizontal position.) 
3. The Brush amplifiers were balanced, and the natural frequency 
was determined by slowly adjusting the oscillator until a 
circle or an ellipse appeared on the scope. The amplitude of 
oscillation was increased until a slight additional shift 
occurred. This gave the limit at which began to influence 
the results, and the maximum amplitude used in the remaining 
V 
steps was below this value. 
4. The balance of the Brush amplifier #2 was checked. When this 
amplifier was in perfect balance and the oscillator was set 
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precisely at the natural frequency, the circle or ellipse on 
the scope reduced to a semi-circle or parabola when the OPERATE 
switch on the amplifier was turned to the BALANCE position. 
This provided a check on the accuracy of the oscillator setting 
indicating with certainty the point at which the phase shift 
was 90 degrees. The power to the speaker was cut off. The 
recording pen was centered on the paper, and the OPERATE switch 
on the Brush amplifier #2 was again turned to the BALANCE 
position. As a final check on the accuracy of the driving 
frequency, the power was turned on and the resulting semi­
circle or parabola was observed on the scope. If no detectable 
shift from 90 degrees occurred during the increase of amplitude, 
it was concluded that the oscillator was set at the natural 
frequency. 
Two damped oscillation traces and one natural frequency trace 
were recorded. (PROCEDURES I AND II) 
The fluid was drained and the inner sphere was detached from 
the beam. The moving support was lowered to its down position, 
" 
and the equivalent mass container was attached to the beam. 
The mass in the equivalent mass container was either increased 
or decreased until the beam and mass combination had a natural 
frequency which was the same as the oscillator setting. The 
procedure used in step 4 to check the accuracy of the oscillator 
setting was also used to check the accuracy of the equivalent 
mass. When everything appeared satisfactory, two damped traces 
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were recorded. (PROCEDURES III AND IV) It should be pointed 
out that this damped frequency was used to cross check the 
natural frequency of the beam and of the sphere since the com­
bined damping of the beam and equivalent mass container was 
so small. 
8. The mass mg was attached and a damped trace was recorded. 
(PROCEDURE V) 
9. The equivalent mass was removed from the beam and weighed 
on a torsion balance. 
10. Either beam or the fluid was changed in order to vary Stokes1 
number. 
The volume of the outer shell was determined before and after each 
series of tests. The inner sphere was in place during this measurement. 
Water was admitted and then removed. The volume of water between the 
spheres was collected in a graduate and weighed. This was repeated 
three or four times. 
The weights were averaged, and the volume between the spheres was 
determined by dividing the averaged weight of water by its corresponding 
specific weight. To obtain the volume of the outer sphere, the volume 
of the inner sphere which was determined in a similar fashion was added. 
The results of these volume measurements over a period of time is given 
in Table 3 for the outer shell used in Series III, V, and VI. Note 
that the outer shell shrank with age. 
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Table 3. Volume measurements of outer shell IV 
Date Time Series 
Volume 
3 cmJ 
Dia. 
in. 
(based on vol.) 
Dia. 
in. 
(at hemisphere 
joint) 
June 5* a.m. III 2,740.6 6.835 6.897 
June 6 p.m. III 2,729.5 6.826 6.878 
July 2 a.m. V • 2,689.7 6.792 6.875 
July 4 p.m. V 2,670.2 6.776 6.872 
July 10 a.m. VI 2,676.0 6.781 6.880 
July 10 p.m. VI 2,670.4 6.776 6.860 
*The outer shell was new on June 3 
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V. RESULTS 
The results of the experimental program are given as three series 
of data which are labeled III, V, and VI. Series I, II, and IV are not 
shown because these were preliminary tests with the apparatus where 
technical problems caused scatter and are not considered as reliable. 
The three series presented show some of the effects of the apparatus 
with a steady improvement in the data. 
A. Series III 
The data for series III are shown in Figs. 12 and 13. The operating 
conditions for these tests were: ball bearing supports, new outer shell 
(see Table 3 for volume) and type two vibration pickup mounted at the center 
of the beam. 
1. Added mass coefficient 
The added mass coefficient is plotted against Stokes1 number in Fig. 
12. The scatter in this data is considerable, but it follows in a very per­
sistent pattern in three out of four fluids. When the fluid is water 
5 2 c 
(2x10 < —<8x10 ), three beams (4, 9, and 12) were used. Their 
respective errors were approximately 1, 5.6, and 12.8 per cent with re­
spect to Stokes1 solutionfor A= 0.730 or curve A. If the frequency of 
vibration for each beam is squared, and the ratio of the frequency squared 
for each beam is taken with respect to that of beam 4, the result is 
1, 5.3, and 17.2. The correlation is not perfect, but the influence of an 
2 
œ term appeared feasible. This observation is supported by the fact that 
Curves A, B, and C follow the experimental points for beams 4, 9, and 12 
respectively with reasonable accuracy. 
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It was at this point that the dimensional analysis was re-examined 
to see if any significant variables had been omitted. The result of this 
examination was the addition of it,. An examination of the pressure dis-
0 
tribution acting on the outer shell indicated that the fluctuating pressure 
2— 
was dependent on poo 6. This, coupled with a realization that the relative 
stiffness of the supporting frame was dependent on a term similar to 
indicated a need to stiffen the outer shell and the supporting frame. Two 
2 in. x 6 in. planks were wedged between the floor and the top support with 
one plank at the center of the various positions for each of the support 
brackets, and a 2 in. x 4 in. plank was wedged between the floor and the 
center of the moving support during each run. Four clamps were used to 
stiffen the connection between the hemispheres. This required the addition 
of spacers to prevent damage to the acetate connection. 
2. Fluid damping coefficient 
Values for the fluid damping coefficient are plotted in Fig. 13. 
The general trend of Stokes1 solution is followed, but most of the points 
are high. The repeatability was satisfactory. 
B. Series V 
The data of series V are shown in Fig. 14 and 15. The operating 
conditions for these tests were: elastic supports for the beam, outer 
shell clamped at joint, type two vibration pickup, and wooden supports 
for top and moving support, respectively. 
1. Added mass coefficient 
The added mass coefficient is plotted in Fig. 14. The definite 
trend which was associated with the beams in series III seems to be 
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reduced with the exception of beam 12. The rigidity of the shell was 
too low for this beam. It was observed during the test, particularly 
with the less viscous fluids, that the fluid was moving in and out 
of the space between the two clamping rings at the joint of the 
hemispheres. This, at first, was thought to be the entire source of 
error, but during a repeatibility test with beam 4, the effect of 
the position of the type two vibration pickup was detected. These 
problems were corrected by using florist clay and by putting SR-4 
strain gages on the beams 
2. Fluid damping coefficient 
Values for the fluid damping coefficient are plotted in Fig. 15. 
A comparison of the data in this series with the previous series, 
shows that the general scatter is reduced. The largest errors generally 
belong to beam 12. 
C. Series VI 
The last series of the data is plotted in Figs. 16 and 17. The 
operating conditions for these tests were: elastic supports, outer 
shell five weeks old and clamped at joint, florist clay used to seal 
joint rather than electrical tape, SR-4 gages on beams for pickups, and 
2 in x 6 in. and 2 in. x 4 in. wooden supports. Beam 7 was added to the 
other three beams for this series as a check on beams 4 and 9. The 
values of added mass and damping coefficients for beam 12 repeated pre­
vious data and are not plotted in Figs. 16 and 17 since the rigidity 
effects associated with the Pi term could not be entirely eliminated 
from the apparatus. Hence, the data of beam 12 were not considered to 
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be typical of the phenomenon. 
During a pre-series test of equipment, it was found that beam 4 
would exhibit a slight phase shift with changes in amplitude when the 
equivalent mass was attached. The addition of mass at the center of 
the beam reduced this phase shift considerably when vibrating at 
resonance. Hence, a 1039 gram mass was attached to the center of each 
beam for this series. 
There was some concern about the oscillator drifting during the 
experiment when operating on its lowest scale for beam 4. This was 
investigated before this series was started, and it was found that the 
drifting was considerable during the first ten minutes of the warm up 
period. After half an hour, the drifting was negligible. 
1. Added mass coefficient 
The added mass coefficient is plotted in Fig. 16. From this plot 
it is seen that all of the points lie above Stokes1 solution for the 
measured value of A = 0.740 based on volumes. However, since the 
outer shell was in a condition similar to the stretched membrane, it 
is not unreasonable to suspect that the boundaries are somewhat closer 
at points. A second theoretical solution was calculated for A = 0.7462 
where the curve would pass through the last three points on the right. 
It is seen that nearly every point lies between the two curves. The 
percent of error for each data point (from left to right in Fig. 16) 
with respect to both curves is given in Table 4. From this table, it 
is seen that the agreement is better than it appears in Fig. 16 which 
has an expanded vertical scale. 
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The sensitivity of the added mass coefficient to slight errors in 
determining A cannot be underestimated. From the potential flow 
solution, the added mass coefficient is given by 
"p -ifff#/ (41) 
where the form given in Eq. 25-a is written in terms of A . The 
Table 4. Errors in added mass coefficients for series VI 
„ , % error %error 
Beam number A = 0.740 A = 0.7462 
4 +1, .46 -1, .14 
7 +0, .55 -2, .26 
9 +1. 96 -1. 03 
4 +3 .74 40, .73 
7 +3, .17 40 .17 
9 +1, .44 -1, .58 
4 +3, .57 40, .79 
7 +2, .15 -0, .67 
9 +2, ,80 0 
4 +2. ,06 -0. 81 
7 +2. ,40 -0. 50 
9 +3. ,25 40, .19 
Ave +2. ,38 -0. ,51 
potential flow solution increases by 4.6 per cent when X increases from 
0.730 to 0.740 (an increase of 1.37 percent). The increase obtained 
from Stokes1 viscous flow solution is slightly greater due to the viscous 
effects. The values of A ranged from 0.735 to 0.741 for series VI. 
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These values depend on whether the volumetric diameters or the measured 
diameters were used and have a range of values of about 0.81 percent. 
Hence, the average errors shown in Table 4 are within the bounds of a 
half percent error in measuring the diameters. 
2. Fluid damping coefficient 
The fluid damping coefficient is shown in Fig. 17 for series VI. 
The general agreement of the experimental data with Stokes1 solution 
is good considering the number of assumptions necessary to evaluate 
this data and Stokes1 assumption of steady oscillatory motion in 
arriving at the theoretical solution. 
The change in the fluid damping coefficient for small changes in A 
is small. In order to illustrate this lack of sensitivity to A , a 
third curve for À = 0 is plotted in this figure. 
VI. SUMMARY AND CONCLUSIONS 
Based on the general agreement between the theory and experimental 
results, it is concluded that the viscous flow solution will accurately 
predict the added mass coefficient and the fluid damping coefficient 
if the amplitudes of motion are small compared to the inner radius or 
gap between the spheres, and if the boundaries are sufficiently stiff 
or rigid to satisfy the specified boundary conditions. The Stokes1 
number provides a good measure for determining when the viscous effects 
are important and whether or not these effects should be included in the 
analysis of a given problem. From Fig. 16 and Stokes1 solution (for the 
added mass coefficient), it can be seen that the viscous solution is 
asymptotically approaching the constant value which is given by the 
potential solution in Eq. 41. When Stokes1 number is approximately 
1 x lO"* or higher, these two solutions only differ by a small amount. 
For other shapes and sizes, the particular value of Stokes1 number for 
the viscous effects to be negligible is dependent on the length term 
used. The viscous effects must be included in the analysis of a given 
problem where damping is considered to be important. 
The differential equation of motion of the inner sphere, as given 
by Eq. 26-a, can be treated as a second-order differential equation with 
constant coefficients when Stokes1 number is constant. For a given 
system, the plot of amplitude of vibration and phase shift versus the 
frequency ratio may be obtained in the usual manner if the added mass 
and the damping coefficient variations are taken into account. If the 
forcing function is expressed in a Fourier series, the response of the 
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second-order differential equation can be calculated by using standard 
techniques provided the correct added mass and fluid damping coefficients 
are used with each frequency in the Fourier expansion. 
The boundary layer on the inner sphere is of greatest importance 
since it is this thin layer of fluid which produces damping and the 
variation of the added mass coefficient and the fluid damping coefficient 
with respect to Stokes' number. This boundary layer is quite different 
from the boundary layer which is associated with a constant rectilinear 
velocity. In the oscillatory case, the boundary layer is continuously 
being created and destroyed in the sense that the motion is periodically 
reversing direction. Hence, the separation of the boundary layer should 
not take place unless the amplitude of motion and the period of oscillation 
are large. It is estimated by means of Eq. 12* that the boundary layer 
thickness is approximately one eighth of an inch or less for Stokes1 
numbers greater than 10,000. Turbulence appears to have either no net 
effect or a second-order effect which is less than the equipment and 
experimental technique can detect. 
The reason for the good agreement between experimental results and 
potential flow analysis which was obtained in several reported experi­
mental investigations is that these experiments were conducted in water 
and other low viscosity fluids which give high Stokes1 numbers. With 
high Stokes1 numbers, the viscous effects are negligible and results 
would easily be within one per cent of the potential flow solutions. 
Hence, the conclusion has been frequently drawn that the added mass 
coefficient is constant and equal to the potential theory values. This 
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is not actually the case as demonstrated by the results of this in­
vestigation, for the added mass coefficient and the fluid damping 
coefficient are dependent on Stokes1 number. It is expected that 
this conclusion would be valid for other shapes âs well as spheres. 
From consideration of Eqs. 1-a, 13*, and 26-a, the experimental 
results and observations during the experimental investigation, and 
the dimensional analysis, it is concluded that the differential equation 
of motion for other shapes of rigid bodies performing rectilinear 
oscillations will be a second-order differential equation with varying 
coefficients. The variation of these coefficients is due to the added 
mass coefficient and the fluid damping coefficient which are dependent 
on the geometrical configuration of the rigid body and the envelope, 
the Stokes1 number, the amplitude of oscillation, and the rigidity of 
the bodies in the vibrating system. 
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VII. SUGGESTIONS FOR FURTHER STUDY 
Research into one problem usually creates an awareness of other 
problems which need to be investigated. Some of the more interesting 
problems which are thought to be of sufficient importance to warrant 
further study are the following. 
1. Study practical means or procedures which can be used to alter 
potential flow solutions in such a way that the viscous effects 
can be approximated for oscillating motion. Eqs. 12* and 13* 
may provide the key for this alteration. 
2. Study the effects of the rigidity of the outer shell or more 
generally the effects of an elastic boundary. 
3. Study the effects of turbulence on added mass. 
4. Study the effects of amplitude on added mass coefficient and 
fluid damping coefficient. Szebehely (34) has shown this 
effect to exist in his studies on the damping of a spheroid. 
5. Study rotational added mass or added moments of inertia 
coefficients and fluid damping coefficients. 
6. Study added mass coefficients and fluid damping coefficients 
with a vibrating body in an oscillating flow. This has been 
done for stationary cylinders and flat plates by Keulegan (14) 
and McNown (18). 
7. Study the possibility of superposition of two separate orthogonal 
vibrations. 
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X. APPENDIX A. THE VISCOUS FLOW SOLUTION 
The viscous flow solution for two concentric spheres was developed 
by Stokes (31, 32) in 1850. The starred equation numbers in this section 
correspond to those of Stokes1. Seven assumptions were made by Stokes 
in order to obtain this solution. 
The four initial assumptions were: 
1. "The motion is supposed very small, on which account it will be 
allowable to neglect the terms which involve the square of the 
velocity." This is equivalent to neglecting the convective 
acceleration terms and corresponds to the usual viscous or slow 
flow assumption. As previously noted in conclusion number 2 of 
the potential flow solution, the convective terms do not enter 
into the resultant fluid force on a sphere if the sin 0 cos 9 
product is formed in each of these terms. Hence, the potential 
flow solution indicates that the viscous or slow flow assumption 
is justifiable for a sphere. Apparently Stokes was not aware 
that the convective terms would drop out of the solution. 
2. "The motion that we have got to deal with is such that we 
may treat the fluid as incompressible....". 
3. The effect of the body forces due to gravity "is simply a force 
equal to the weight of fluid displaced, and acting vertically 
upwards through the centre of gravity of the volume". This 
assumption is similar to conclusion number 1 from the potential 
flow analysis and equivalent to neglecting the body forces in 
the equations of motion of the fluid. 
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Stokes was solving the problem of a sphere swinging as a simple 
pendulum. He considered the rotation of the sphere to be a second-
order quantity, and the curved path of the center to be rectilinear. 
Thus, his fourth assumption: "The problem, then, reduces itself to 
this. The centre of a sphere performs small periodic oscillations 
along a right line, the sphere itself having a motion of translation 
simply: it is required to determine the motion of the surrounding 
fluid." From these four assumptions, the axisymmetric equations of 
motion for a viscous fluid are developed. 
The axisymmetric equations of motion for a viscous fluid in the 
absence of body forces and the convective acceleration terms are ob­
tained from the Navier-Stokes equations (see Eq. 7, 7-a, and 7-b) by a 
transformation of coordinates. He begins by stating, "Let the mean 
position of the centre of the sphere be taken for origin, and the 
direction of its motion for the axis of x, so that the motion of the 
fluid is symmetrical with respect to this axis. Let m be the perpen­
dicular let fall from any point on the axis of x, q the velocity in 
the direction of 05, m the angle between the line cd and the plane of xy. 
Then P, u, and q will be functions of x, cd, and t, and we shall have 
- . -2 2 2 
v = q cos en, w = q sin cd, y = cd cos cd, z = cd sin cd, whence cd = y + z , 
cd = tan ^ y 
If the proper differentiations are performed, Eqs. 7, 7-a, and 7-b 
transform to 
dP 
dx M-
(16*) 
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— = U 
<ÉD $• è ' i  *"•' 
and the continuity equation (see Eq. 8) transforms to 
to + ^ + - = ° " (18*) 
do œ 
If the stream function is expressed as 
? d (// = œ (u d m - qdx) = -*r*- dx + tr-±: dm , I & x £ y) 
it is seen that the continuity equation (Eq. 18*) is identically satisfied. 
Upon elimination of the pressure P from Eq. 16* and 17*, along with the 
definitions of (j/, it can be shown that these equations reduce to 
D (D - £ ) if = 0. (20'*) 
where 
D - ^  + <2 
dx^ dco^ œ dm 
Stokes continues, "Since the operations represented by the two 
expressions within the parentheses are evidently convertible, the in­
tegral of this equation is f = fl + (21*) 
where are the integrals of the equations 
D lf/'l = 0 (22*) 
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<D " i "3f) f2 * °'" <23*> 
Then he shows that the change in pressure is given by 
dP = £ (d d m - tJt.L dx ) (25*) 
cd I dtdx dtdûD / 
The transformation to polar coordinates (where 
x = r cos 0, m = r sin 9, u = v cos 0 - v sin 9, and q = v sin 9 + 
v0 cos 9 ) 
reduces the above equations to 
r sin 9 (v r d0 - v^ dr) = d j/ , (26*) 
, 2 ;  d 
-Jr + ^ -jT (ih"e " "• <27*) 
d 2 f f :  
dr2 
2 sin 
¥ -&W-@ ^JtJ " y 4r - (28*> 
and r d2 „/ ^2 
dP = 
r sin 9 
fi _ i d fi 
- f -HIT dr (29*) dtdr r dtdô •J 
where the stream function ^ is a function of r, 0, and t. 
The position of the center of the inner sphere is given by 5, and 
Stokes made three more assumptions: 
5. The velocity of the center is given by 
a . ; . . . * *  .  
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6. The stream function ij/ is also periodic and of the form 
<//= p 
where p is a function of r and 9 . 
7. "....since the operation sin 9 ) 
de sin 9 a 9 
2 
performed on the function sin 9 reproduces the same function 
it will be possible to satisfy equations (27*) and 
(28*) on the supposition that sin^0 is a factor of and (j^. 
Assume then - f^(r) sin^S e^0*", ^ = f^(r) sin^9 e^a>t." 
The substitution of 
m2 1/ = jcD (32*) 
and the expressions for and into eqs. 27* and 28* gives 
f'l (r) " ~h fl (r) = 0 (33*) 
f2 (r) -f-j- + m2j f2 (r) = 0. (34*) 
The boundary conditions for the viscous solution are 
r = a v^ _ = 6 cos 9 v^  = - 5 sin 9 
and 
r = b v = 0 v = 0 
r 9 
where 6 is the relative velocity of the inner sphere. From the relation­
ships between the velocities and the stream function, these boundary 
conditions reduce to 
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f'(a) = ac, f(a) = a2c (35*) 
f1 (b) = 0 , f(b) = 0 (36*) 
where f(r) = f^(r) + f^(r), a is the inner radius, and b is the outer 
radius. The solution to Eqs. 33* and 34* are 
f1(r) = -g- + Br2 
f2 (r) = Ce"mr ( l + -1- ) + Demr (l - -^) . (38*) 
The resultant fluid force, F, acting on the sphere due to the 
pressure and shearing stresses of the fluid is given by 
, Zrt r 
F = rtpa 
~dt f J 3 ^~dr^a + 2 ( / 2^a]Sin 6 d8 (49*) 
which will yield 
F = -| npajcjD fj (a) + 2 f2(a)/ (50*) 
when and ^ are substituted and the indicated operations of inte­
gration and differentiation are completed. 
For the case of two concentric spheres, Stokes substituted the 
relationship 
Ka2c = (-k + jCg) a2c = af^(a) + 2f^(a) 
into Eq. 50* where K (= - k + jCg) is a complex function. By noting the 
definitions of velocity and acceleration, F becomes 
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F = - (kM) - (MdCs) 5 (27) 
where M is equal to the mass of fluid displaced by the sphere. Recall 
that the relationship between G(t) and F is G(t) = F + Mg + M duQ/dt 
from conclusion 1 of the potential flow solution. When this form of 
G(t) is substituted into Eq. 1-a, the differential equation of motion 
for the inner sphere is 
(mg + kM) ô + (MuCs)Ô + K'ô = F(t) + Mg + (M-mg) — 
du 
o (26-a) 
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XI. APPENDIX B. SUMMARY OF DATA 
A. Series III 
Beam Stokes1 Added mass 
Fluid number number coefficient 
S k 
n 
12 8.20 x 105 1.648 
IS 12S* 6.90 x 105 1.667 
9 4.60 x 105 1.525 
IS 9S 4.20 x 105 1.581 
4 2.00 x 105 1.480 
4R** 1.97 x 105 1.513 
V 12 1.75 x 105 1.665 
V 12S 1.77 x 105 1.699 
V 9 9.80 x 104 1.537 
V 95 1.00 x 105 1.569 
V 4 4.30 x 104 1.485 
IV 12 2.00 x 104 1.748 
IV 12S 2.08 x 104 1.714 
IV 9 1.15 x 104 1.595 
IV 9S 1.18 x 104 1.618 
IV 4 5.02 x 103 1.733 
IV 4S 5.12 x 103 1.654 
III 12S 3.30 x 103 1.821 
III 9S 1.81 x 103 1.802 
III 4S 7.83 x 102 1.840 
Fluid damping 
coefficient 
C 
s 
0.0323 
0.0388 
0.0252 
0.0324 
0.0310 
0.0333 
0.0555 
0.0661 
0.0610 
0.0657 
0.0643 
0.1260 
0.1240 
0.1500 
0.1365 
0.2540 
0.1965 
0.2690 
0.3570 
0.4440 
*S means the moving support was supported at the center. 
**R means the run was repeated. 
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B. Series V 
Fluid 
Beam 
number 
Stokes 1 
number 
Added mass 
coefficient 
Fluid damping 
coefficient 
I 
I 
I 
I 
V 
V 
V 
V 
V 
V 
V 
IV 
IV 
IV 
III 
III 
III 
12 
9 
9R* 
4 
12 
12RW** 
9 
9RW 
4 
4R 
4RW 
12 
9 
4 
12 
9 
4 
6.50 x 10" 
3.40 x 10" 
3.40 x 10" 
1.45 x 10" 
1.29 x 10" 
1.44 x 10" 
6.73 x 10 
7.64 x 10 
2.90 x 10 
2.94 x 10 
3.34 x 10 
1.32 x 10 
6.81 x 10" 
2.94 x 10" 
1.85 x 10" 
9.50 x 10 
4.05 x 10 
1.697 
1.607 
1.603 
1.661 
1.715 
1.715 
1.649 
1.646 
1.918 
1.641 
1.672 
1.750 
1.759 
1.790 
1.893 
1.913 
2.023 
0.0338 
0.0274 
0.0280 
0.0490 
0.0487 
0.0550 
0.0493 
0.0617 
0.0968 
0.0870 
0.1007 
0.2644 
0.1653 
0.3936 
0.3640 
0.4970 
1.066 
*R means the run was repeated. 
**RW means the run was repeated with 454 gms attached at the 
center of the beam. 
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Series VI 
Fluid 
I 
I 
I 
I 
V 
V 
V 
V 
IV 
IV 
IV 
IV 
III 
III 
III 
III 
Beam 
number 
12* 
9 
7 
4 
12* 
9 
7 
4 
12* 
9 
7 
4 
12* 
9 
7 
4 
Stokes1 
number 
6.30 x 10" 
3.30 x 10" 
2.00 x 10-
1.40 x 10-
1.26 x 10' 
6.70 x 10 
4.00 x 10 
2.80 x 10 
1.33 x 104 
6.60 x 10-
4.20 x 10" 
2.90 x 10-
1.77 x 10" 
9.30 x 10' 
5.50 x 10' 
3.80 x 10' 
Added mass 
coefficient 
1.658 
1.590 
1.584 
1.584 
1.690 
1.612 
1.616 
1.651 
1.745 
1.690 
1.756 
1.803 
1.909 
1.927 
1.994 
2.086 
Fluid damping 
coefficient 
C 
s 
0.0305 
0.0252 
0.0283 
0.0364 
0.0600 
0.0561 
0.0684 
0.0896 
0.1380 
0.183 
0.224 
0.284 
0.394 
0.463 
0.641 
0.913 
*These values for beam 12 were not plotted in Figs. 16 and 17. 
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D. Theoretical Values 
Diameter Added mass Fluid damping 
ratio Stokes1 number coefficient coefficient 
A s k c S 
0.7300 5.0 x 10^ 1.908 0.6702 
0.7300 1.0 x 10^ 1.789 0.4334 
0.7300 5.0 x 10^ 1.609 0.1713 
0.7300 1.0 x 107 1.565 0.1176 
0.7300 5.0 x 10% 1.504 0.0506 
0.7300 i.o x nn 1.490 0.0354 
0.7300 5.0 X 10,  1.469 0.0157 
0.7300 1.0 x 10 1.466 0.0109 
0.7400 4.0 x 10^ 2.042 0.8451 
0.7400 1.0 x 10* 1.877 0.4691 
0.7400 4.0 x 10^ 1.705 0.2085 
0.7400 1.0 x 107 1.639 0.1262 
0.7400 4.0 x 10* 1.581 0.0607 
0.7400 4.0 x 10" 1.538 0.0187 
0.7462 4.0 X 10 3 
2.104 0.8926 
0.7462 1.0 X 103 
1.936 0.4936 
0.7462 4.0 X 104 
1.757 0.2184 
0.7462 1.0 X lot 1.688 0.1320 
0.7462 4.0 X 105 
1.627 0.0635 
0.7462 4.0 X 105 1.586 0.0195 
